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Abstract
This paper is concerned with the Cauchy problem for a compressible viscous ﬂuid in
one-dimensional (1D) space. By means of the weighted initial density, we obtain the
global-in-time existence of a unique classical solution with large initial data. The initial
density can be compactly supported or decays to zero not too slowly at inﬁnity.
Keywords: compressible Navier-Stokes; global classical solution; vacuum; Cauchy
problem
1 Introduction
The viscous isentropic compressible ﬂuid in one-dimensional (D) space is governed by
the compressible Navier-Stokes equations,
{
ρt + (ρu)x = ,
(ρu)t + (ρu)x + Px = μuxx, x ∈R, t > , (.)
where the unknown functions ρ(x, t), u(x, t), and P = Kργ (K > , γ > ) are the density,
velocity, and pressure, respectively. The viscosity coeﬃcient μ >  is a given constant.
We are interested in the existence of a classical solution to (.) with the far ﬁeld behavior
(ρ,u)→ (, ) as |x| → ∞, t ≥ , (.)
and initial data
(ρ,u)(x, ) = (ρ ≥ ,u)(x), x ∈R. (.)
We ﬁrst review brieﬂy the well-posedness of solutions for (.). Non-vacuum small per-
turbations around a constant have shown that the solutions are classical and globally de-
ﬁned in time if the initial data are suﬃciently regular; see [–]. If the initial vacuum is
allowed, the global weak solutions were ﬁrst obtained by Lions [] for the isentropic ﬂuids
(see also Feireisl []) for large initial data. Later, some regularity information was obtained
in [, ]. When it comes to the strong/classical solutions, Kim et al. [–] proved the lo-
cal existence and uniqueness for both bounded and unbounded domains ⊆R (this also
holds for bounded domains in R orR). Based on the a priori estimates developed [–],
Ding et al. considered the initial-boundary-value (IBV) problem in D space, and mak-
ing use of D properties, they [] obtained the global existence of classical solution with
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large initial data and vacuum. Similar results was obtained for the annular (or exterior)
domain in R and R under the spherically symmetric assumption; see [, ]. Huang et
al. [] showed that for the D Cauchy problem there exists a unique classical solution in
the case when the initial total energy is small, but there possible are large oscillations and
a vacuum.
However, the existence of a classical solution for the Cauchy problem in D (or D)
is another issue. In particular, the argument in [–] could not be directly applied if the
domain (N = , ) becomes unbounded since the Lp-norm (p≥ ) of the velocity cannot be
controlled just in terms of the L-norm of the gradient of it. Li and Liang [] obtained the
local existence and uniqueness of strong and classical solutions to the DCauchy problem
with the vacuum as a far ﬁeld density. The key idea in [] is to control ‖ρu‖Lp , instead
of ‖u‖Lp , in terms of ‖ρ/u‖L and ‖∇u‖L by introducing a weight to the initial density.
Recently, Li and Xin [] showed that the classical solution for D Cauchy problem exists
globally in time in the case of small initial energy; furthermore, some large-time decay
rates of solutions are ﬁrst presented.
In this paper, for ≤ r ≤ ∞ and integer k ≥ , we adopt the simpliﬁed notations for the
standard homogeneous and inhomogeneous Sobolev spaces
Lr = Lr(R), Dk =
{
f ∈ Lloc(R) :
∥∥∂kx f ∥∥L(R) <∞}, Hk = L ∩Dk .
The concern of this paper is the existence, uniqueness, and large-time behavior of clas-
sical large solutions to the Cauchy problem (.)-(.), with the vacuum as a far ﬁeld state,





)/ ln(e + x). (.)
Assume that the initial functions (ρ,u) satisfy for a ∈ [,p)
x¯aρ ∈ L ∩H, ρ/ u ∈ L, u ∈D ∩D,
ρxx,Pxx ∈ L, ρ/p u ∈ Lp, up/ ∈D,
(.)
and the following compatibility condition:
–μuxx + Px = ρ/ g, for some g ∈ L. (.)
Then the Cauchy problem (.)-(.) admits a unique classical solution (ρ,u), which satis-
ﬁes for any T ∈ (,∞)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
ρ ∈ C([,T];L ∩H), P ∈ L∞(,T ;H),
x¯aρ ∈ L∞(,T ;L ∩H), ρu ∈ L∞(,T ;L ∩H),
ux ∈ L∞(,T ;L∞ ∩H),
ρ/pu ∈ L∞(,T ;L), ∂x(up/) ∈ L(,T ;L),
x¯–u ∈ L∞(,T ;L ∩ L∞), x¯–/pu ∈ Lp(,T ;Lp ∩ L∞),
ρ/u˙ ∈ L∞(,T ;L), u˙x ∈ L(,T ;L),
t/uxxx, t/u˙x, tu˙xx ∈ L∞(,T ;L),
tρ/u¨ ∈ L∞(,T ;L), tu¨x ∈ L(,T ;L),
(.)
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where
u˙ = ut + uux and u¨ = u˙t + uu˙x (.)
denote the material derivatives of u and u˙, respectively.
Remark . We can check that the solution (ρ,u) in Theorem . satisfying (.) is in fact
a classical one.
Remark . We mention [] by Xin, where the author shows the solution (ρ,u) ∈
C([,T];H(R)) must occurwith blowup phenomena in the case that the non-trivial initial
density has a compact support.
Remark . The hypothesis Pxx ∈ L in (.) can be removed when γ ≥ .
Following some ideas developed by Li and Xin [] for the multi-dimensional case, N =
, , we give the following Lr-norm (r > ) estimate on the pressure.
Corollary . Let (ρ,u) be one of the solutions described in Theorem .. Then it satisﬁes
∫ +∞

∥∥P(·, t)∥∥rLr dt ≤ C, ∀r ∈ [ + /γ , +∞). (.)
This work was initially motivated by Ding et al. [], where the authors considered the
global existence of classical solution for the D IBV problem. In contrast with [], the
problem under our consideration lies in an unbounded domain, and thus the Lp-norm
of the velocity u could not be dominated just in terms of the L-norm of the gradient of
it. In this connection, we follow some ideas in [] and introduce a weight function to the
initial density. However, the usage of a Sobolev embedding inequality inR is very diﬀerent
from R. For this, we use some special properties in one-dimensional space (see (.)).
With these preparations, as well as some ideas in [, , , , ], we establish the global
existence and uniqueness of the classical solution to the Cauchy problem (.)-(.).
In the rest of this paper, we ﬁrst derive some global a priori estimates in Sections  and .
This is necessary when we extend the local solution to all positive time in Section , and
thus complete Theorem .. Finally, Corollary . is proven in Section .
2 A priori estimates (I)
We suppose that (ρ,u) is a classical solution to (.)-(.) over the interval [,T] with T ∈









for some large number N.
First of all, multiplying (.) by u and integrating by parts, we get
Lemma . We have
sup
≤t≤T
(∥∥ρ/u∥∥L + ‖P‖L) +μ
∫ T

‖ux‖L dt ≤ C, (.)
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where as below C denotes a generic constant depending on μ, γ , K , a, and the initial data;
particularly, the expression C(α) emphasizes that C depends on α.
The next lemma derives the bound on the density ρ(x, t) from above.
Lemma . We have
ρ(x, t)≤ C, (x, t) ∈R× [, +∞). (.)
Proof The proof is almost exactly the same as that in [], Lemma .. Here we state the
details for completeness. By (.), one has for t ∈ [,∞)
∥∥ρ(t)∥∥L = ‖ρ‖L = . (.)
Put









x = (μux – P)x,
which, along with (.), provides us after integration in variable x with
ξt + ρu = μux – P = –μ

ρ




















where X(t,x) is the particle trajectory satisfying
{
d
dt X(t,x) = u(X(t,x), t), t > ,
X(,x) = x.








) ≤ μ lnρ(x, ) + ξ (x, ).




) ≤ μ lnρ(x, ) + ξ (x, ) + ξ(X(t,x), t)
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≤ μρ +
∥∥ρ/ u∥∥L‖ρ‖/L + ∥∥ρ/u∥∥L‖ρ‖/L
≤ C.
This ﬁnishes the proof. 




∥∥ρ/u˙∥∥L dt ≤ C(T). (.)

























































where the last equality comes from
Pt + Pxu + γPux = , (.)
owing to (.). By virtue of (.), (.), and the Sobolev inequality, it satisﬁes
‖ux‖L∞ + ‖P‖L∞
≤ C‖μux – P‖L∞ +C‖P‖L∞
≤ C‖ux‖L +C
∥∥(μux – P)x∥∥L +C‖P‖L +C‖P‖L∞
≤ C(‖ux‖L + ∥∥ρ/u˙∥∥L) +C. (.)
So, it follows from (.) that
d
dt B(t) +
∥∥ρ/u˙∥∥L ≤ C( + ‖ux‖L∞ + ‖P‖L∞)‖ux‖L


















L –C‖P‖L ≤ B(t)≤ μ‖ux‖L +C‖P‖L . (.)
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which completes the proof in view of the Gronwall inequality and (.). 
Lemma . For all t ∈ [, +∞),
∫ A
–A
ρ(x, t)dx≥  , (.)
where A =N( + t) ln(e + t), and N is taken from (.).











This together with (.) brings about
∫
R
ρ(x, t)|x|dx≤ C( + t). (.)
Deﬁne a cut-oﬀ function ϕ(x) ∈ C(R) satisfying
≤ ϕ(x)≤ , ϕ(x) =
{
, |x| < ,
, |x| > ,
∣∣ϕ′∣∣ ≤ C. (.)












≥ – η( + t) ln(e + t)
∫
R




≥ – Cη( + t) ln(e + t) ,







ρϕ(ηx)dx –Cη ≥  .
This proves (.) by choosing η = (N + C)–. 
Our next object is to derive some weighted Lp estimate on u, which plays a key role in
our analysis.
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Lemma . We have for all p ∈ [,∞)
sup
≤t≤T
∥∥ux¯–/p∥∥pLp ≤ C(p,T)(∥∥ρ/pu∥∥pLp + ∥∥(up/)x∥∥L). (.)
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ρ|u|p dx, p = ,, . . . . (.)
In terms of the Cauchy inequality, (.) holds true for all p≥ . 
Lemma . We have
sup
≤t≤T
∥∥x¯aρ∥∥L∩H ≤ C(T). (.)










Observe (.) and the following simple facts:




, (.)∥∥x¯(a–p)/p ln(e + x)∥∥L∞ ≤ C, for a < p,








ρ|u|x¯(a–) ln(e + x)dx
≤ C∥∥ρ/pu∥∥Lp∥∥ρ(p–)/px¯(a–) ln(e + x)∥∥Lp/(p–)














∥∥ρx¯a∥∥L ≤ C(T ,p). (.)














= –μ–Pxρx¯a + a
[

















∥∥uxx –μ–Px∥∥L ≤ C‖ρu˙‖L ≤ C∥∥ρ/u˙∥∥L ,
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it satisﬁes from (.) after multiplication by (ρx¯a)x
d
dt




∥∥ρx¯a∥∥L( + ∥∥ux(ln x¯)x∥∥L∞ + ∥∥u(ln x¯)xx∥∥L∞). (.)
Inequalities (.), (.)-(.), and (.) ensure that for p ∈ (,∞)
∥∥u(ln x¯)x + u(ln x¯)xx∥∥L∞
≤ C(p)∥∥ux¯–/p∥∥L∞
≤ C(p)(∥∥ux¯–/p∥∥Lp + ∥∥(ux¯–/p)x∥∥L)
≤ C(p,T)(∥∥ρ/pu∥∥Lp + ∥∥(up/)x∥∥/pL + ‖ux‖L + ∥∥ux¯–∥∥L)
≤ C(p,T)( + ∥∥(up/)x∥∥/pL ) (.)
and that for p = 
∥∥ux¯–∥∥L∞ ≤ C(T)(∥∥ρ/u∥∥L + ‖ux‖L) ≤ C(T). (.)
Thanks to (.), (.), (.), and (.), we conclude from (.) that
d
dt
∥∥(ρx¯a)x∥∥L ≤ C( + ∥∥ρ/u˙∥∥L + ∥∥(up/)x∥∥L)( + ∥∥(ρx¯a)x∥∥L),
which implies by using (.), (.), and the Gronwall inequality
∥∥(ρx¯a)x∥∥L ≤ C(T).
This together with (.) ﬁnishes the proof. 




‖u˙x‖L dt ≤ C(T) (.)
and
‖ux‖L∞ + ‖uxx‖L ≤ C(T). (.)
Proof Operating ∂t + ∂x(u·) to (.), using (.) and (.), we obtain
ρu˙t + ρuu˙x –μu˙xx = –μ
(|ux|)x – (Pt + (Pu)x)x + (uxP)x
= –μ
(|ux|)x + γ (uxP)x. (.)
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∥∥ρ/u˙∥∥L +μ‖u˙x‖L = μ
∫
R




which combining with (.), (.), (.), and (.) lets us conclude that
d
dt
∥∥ρ/u˙∥∥L + ‖u˙x‖L ≤ C‖ux‖L +C‖P‖L
≤ C‖ux‖L∞‖ux‖L +C‖P‖L
≤ C∥∥ρ/u˙∥∥L +C. (.)
Remembering (.), we integrate (.) to obtain (.).
Next, by virtue of (.) and (.), it follows from (.) that
‖uxx‖L ≤ C(μ)
∥∥uxx –μ–Px∥∥L + ‖Px‖L
≤ C∥∥ρ/u˙∥∥L +C∥∥ρx¯a∥∥H ≤ C,
which together with (.) yields (.). 
3 A priori estimates (II)
In this section, we derive the higher-order regularity estimates of the solutions.







(∥∥ρ/u¨∥∥L + ‖u˙xx‖L)dt ≤ C(T). (.)



















u˙xxu¨ dx = μ
∫
R

























|ux|u˙x dx – μ
∫
R






















|ux|u˙x dx – μ
∫
R












































Substitute the last three inequalities into (.), take (.), (.), and (.) into account,








≤ C( + ‖ux‖L∞ + ‖P‖L∞)‖u˙x‖L +C(‖ux‖L + ‖P‖L)















L –C ≤ I(t)≤ C‖u˙x‖L +C.







∥∥ρ/u¨∥∥L dt ≤ C(T). (.)
It follows from (.) that
‖u˙xx‖L ≤ C‖ρu¨‖L +C
(‖ux‖L∞ + ‖P‖L∞)(‖uxx‖L + ‖Px‖L)
≤ C∥∥ρ/u¨∥∥L +C‖uxx‖L +C∥∥ρx¯a∥∥H
≤ C(∥∥ρ/u¨∥∥L + ), (.)
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in which (.), (.), (.), and (.) have been used. Integrating (.) gives
∫ T

t‖u˙xx‖L dt ≤ C(T),
owing to (.). 
Lemma . We have
sup
≤t≤T
(‖ρxx‖L + ‖Pxx‖L + t‖uxxx‖L) ≤ C(T). (.)
Proof Diﬀerentiating (.) with respect to x twice we get
ρxxt = –uρxxx – uxρxx – uxxρx – uxxxρ,
which satisﬁes after multiplication by ρxx,
d
dt ‖ρxx‖L ≤ C‖ux‖L∞‖ρxx‖L +C‖ρx‖L∞‖uxx‖L +C‖ρ‖L∞‖uxxx‖L
≤ C‖ρxx‖L +C‖uxxx‖L +C, (.)
where the last inequality follows from (.), (.), and (.).
A similar argument to (.) lets us deduce from (.) that
d
dt ‖Pxx‖L ≤ C‖Pxx‖L +C‖uxxx‖L +C. (.)
In order to examine ‖uxxx‖L , we diﬀerentiate (.) and obtain
μuxxx = ρxu˙ + ρu˙x + Pxx,
which, along with (.), (.), (.), and (.), leads us to conclude
‖uxxx‖L ≤ C
(‖ρxu˙‖L + ‖ρu˙x‖L + ‖Pxx‖L)
≤ C(∥∥ρx¯a∥∥H∥∥x¯–au˙∥∥L∞ + ‖u˙x‖L + ‖Pxx‖L)
≤ C( + ‖u˙x‖L + ‖Pxx‖L). (.)
Once (.) is obtained, inequalities (.) and (.) imply that
d
dt
(‖ρxx‖L + ‖Pxx‖L) ≤ C(‖ρxx‖L + ‖Pxx‖L) +C‖u˙x‖L +C,
which generates by using (.) and the Gronwall inequality
‖ρxx‖L + ‖Pxx‖L ≤ C(T). (.)
As a result of (.) and (.), we have from (.)
t‖uxxx‖L ≤ C(T).
This inequality as well as (.) completes the proof. 
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(∥∥ρ/u¨∥∥L + ‖u˙xx‖L) +
∫ T

t‖u¨x‖L dt ≤ C. (.)
Proof Utilizing (.) and (.), operating by ∂t + ∂x(u·) to (.), it yields after a straight-
forward but tedious calculation























u¨xuxu˙x dx – μ
∫
R
u¨xux dx – γ
∫
R




from which, together with (.), (.), (.), and the Cauchy inequality, one deduces
d
dt
∥∥ρ/u¨∥∥L + ‖u¨x‖L ≤ C +C‖u˙x‖L . (.)





t‖u¨x‖L dt ≤ C(T).




The proof is ﬁnished. 
4 Proof of Theorem 1.1
Now we are ready to prove Theorem .. For this we ﬁrst state the local-in-time existence
and uniqueness of the classical solution to (.)-(.).
Lemma . Under the hypotheses in Theorem ., the Cauchy problem (.)-(.) admits
a unique classical solution (ρ,u) over R× (,T∗] for some small T∗ > , which satisﬁes the
properties (.).
Proof The existence part is exactly the same procedure as in []. For the sake of brevity,
we only prove the uniqueness. Assume that (ρ,u) and (ρ¯, u¯) are two diﬀerent solutions
with the identical initial data. Minus (.) satisﬁed by (ρ,u) and (ρ¯, u¯) yields






H = ρ – ρ¯, U = u – u¯.
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|H||U|| ˙¯u|dx +C∥∥P(ρ) – P(ρ¯)∥∥L , (.)
where ˙¯u = u¯t + u¯u¯x. Hölder’s inequality together with (.) and (.) shows
∫
R
|H||U|| ˙¯u|dx≤ C∥∥ ˙¯ux¯–∥∥L∞∥∥Hx¯∥∥L∥∥Ux¯–∥∥L
≤ C(ε)( + ‖ ˙¯ux‖L)∥∥Hx¯∥∥L + ε(∥∥ρ/U∥∥L + ‖Ux‖L). (.)
Next, from the mass equation we have
Ht + u¯Hx +Hu¯x + ρUx +Uρx = .
Multiplied by Hx¯, it satisﬁes
d
dt
∥∥Hx¯∥∥L ≤ C(∥∥u¯x∥∥L∞ + ∥∥u¯x¯–/∥∥L∞)∥∥Hx¯∥∥L
+C
∥∥Hx¯∥∥L(∥∥ρx¯∥∥L∞‖Ux‖L + ∥∥Ux¯–∥∥L∞∥∥x¯ρx∥∥L)
≤ C(ε)( + ∥∥(u¯)x∥∥L)∥∥Hx¯∥∥L + ε(‖Ux‖L + ∥∥ρ/U∥∥L), (.)
where the second inequality comes from (.), (.), (.), (.), and (.). 
Remark . The restriction a≥  is from (.), i.e.,
∥∥x¯ρx∥∥L ≤ C∥∥x¯ρ∥∥H ≤ C∥∥x¯aρ∥∥H ≤ C.
Substituting (.) and (.) into (.), choosing ε small, we discover
d
dt
(∥∥Hx¯∥∥L + ∥∥ρ/U∥∥L) + ‖Ux‖L
≤ C( + ‖ ˙¯ux‖L + ∥∥(u¯)x∥∥L)(∥∥Hx¯∥∥L + ∥∥ρ/U∥∥L) +C∥∥P(ρ) – P(ρ¯)∥∥L . (.)












u¯x + γP(ρ)Ux = ,
which gives rise to
d
dt
∥∥P(ρ) – P(ρ¯)∥∥L ≤ C∥∥P(ρ) – P(ρ¯)∥∥L +C‖Ux‖L +C∥∥ρ/U∥∥L .
Hence,
∥∥P(ρ) – P(ρ¯)∥∥L ≤ C
∫ t

(‖Ux‖L + ∥∥ρ/U∥∥L)ds. (.)
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In view of (.) and (.), from the Gronwall inequality one concludes G(t) = , which
implies that H(x, t) =U(x, t) =  almost everywhere (x, t) ∈R× (,T).
Next we show that the solution exists globally in time. Suppose T∗ ≥ T∗ is the maximal
time of existence. We claim that
T∗ =∞. (.)
If (.) is violated, i.e., T∗ <∞. Then the a priori estimates in Sections  and  guarantee
that the conditions (.) make sense at T = T∗, and, moreover, the compatibility condition














with g∗ = –ρ/u˙(x,T∗) ∈ L. However, the local existence result Lemma . tells that (ρ,u)
could be extended to (,T∗+ T˜∗] with another small T˜∗ > . The contradiction implies that
(.) is true, and thus Theorem . is completed.
5 Proof of Corollary 1.1
















where σ ∈ min{t, }.





ρ|u˙| dx = γ
∫
R
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(‖ux‖L + ‖P‖L)dt. (.)
In view of and (.) and (.), the Sobolev inequality ensures that
‖ux‖L ≤ C‖μux – P‖L +C‖P‖L
≤ C‖ρu˙‖L
(‖ux‖L + ‖P‖L) +C‖P‖L
≤ C∥∥ρ/u˙∥∥L(‖ux‖L + ‖P‖L) +C‖P‖L .








[∥∥ρ/u˙∥∥L(‖ux‖L + ‖P‖L) + ‖P‖L]dt



























(‖P‖L + ‖P‖L)dt, (.)
where in the second inequality we have used (.).
In order to examine the last term on the right hand-side of (.), we integrate (.) and
obtain





P(x, t)≤ μ|ux| + ‖ρu˙‖L ≤ μ|ux| +
∥∥ρ/u˙∥∥L .
By this we compute
∫
R
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P(γ+)/γ ≤ C‖ux‖L +C
∥∥ρ/u˙∥∥L ,
and thus
‖P‖L + ‖P‖L ≤ C‖P‖L
(‖P‖L + )
≤ C‖P‖L ≤ C‖P‖L ≤ C‖ux‖L +C
∥∥ρ/u˙∥∥L . (.)
Inserting (.) into (.), using (.), (.), and the deﬁnition of A(T), we obtain




It is only left for us to deal with
∫ T
 σ‖ux‖L dt. Notice that
‖ux‖Lr ≤ C‖μux – P‖Lr +C‖P‖Lr
≤ C‖ρu˙‖(r–)/rL
(‖ux‖/rL + ‖P‖/rL ) +C‖P‖Lr
≤ C∥∥ρ/u˙∥∥(r–)/rL (‖ux‖/rL + ‖P‖/rL ) +C‖P‖Lr (r = ,). (.)












































≤ ε(A(T) +A(T)) +C(ε), (.)
where in the last inequality we have used (.).
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Substituting (.) and (.) back into (.), and selecting ε so small as to
A +A ≤ C. (.)
Having (.) in hand, we use (.), (.), and (.) to get
∫ ∞







∥∥ρ/u˙∥∥L dt ≤ C.
This together with (.) yields (.) as desired.
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